
An Analysis of Binary Search 
 

Hopefully you recall the binary search algorithm 
to search for an item in a sorted list.  If not, the 
algorithm it to the right.  This is a brief 
explanation of why binary searching a list if N 
elements takes at most log2 N + 1 steps.  
(Recall that a is the floor of a—think of it as 
truncating a to to integer. For example, 3 = 
3.1 = 3.7 = 3.) 
We give two proofs, one of which seeks to 
demonstrate the relationship between binary 
representations of numbers and the number of 
steps required by binary search. 
First, notice that at each step through the while loop the list has no more than half as many elements 
as it had before.  So the maximum number of steps it takes to binary search a list of N elements is 
the number of times we can divide N by 2 until we get 0, since the algorithm stops when the list is 
empty.  We need to determine that number.  We will start with a quite simple proof of this fact. 
 

Theorem 0:  Binary search takes at most log2 N + 1 steps to search a list of size N. 

Proof:   Notice that after the kth iteration, the size of the list is N/2k.  We want to know the 
smallest value of k such that N/2k = 0.  It is easy to see that N/2k = 0 when N/2k < 1, which is 
equivalent to N < 2k.  Taking logs of both sides, we get log2 N < log2 2k = k.  The smallest integer 
that satisfies log2 N < k is k = log2 N + 1.  Thus, the maximum number of steps binary search 
takes to search a list of size N is log2 N + 1. 
 
Although this is a correct proof, it does not give us a lot of insight.  It turns out that we can prove 
this another way by thinking about the binary representation of the size of the list, N.  We do this by 
first proving a few things about binary representations of integers. 
 

Theorem 1:  The binary representation of N/2 is the binary representation of N shifted to the right 
one bit.  That is, the binary representation of N/2 is the same as that of N with the least significant 
bit chopped off. 
Proof: Let the binary representation of N be amam-1am-2…a2a1a0, where am=1, and ak is 0 or 1 for for 
k=1,2,…,m-1.  Then N = am×2m + am-1×2m-1+ …+ a2×22 + a1×21 +a0×20, and 

N/2  =  (am×2m + am-1×2m-1 + …+ a2×22 + a1×21 + a0×20)/2 

=  am×2m/2 + am-1×2m-1/2 + …+ a2×22/2 + a1×21/2 + a0×20/2 

          =  am×2m-1 + am-1×2m-2 + …+ a2×21 + a1×20 + a0/2 

          =  am×2m-1 + am-1×2m-2 + …+ a2×21 + a1×20 

BinarySearch(List L, Value v) 
    While L is not empty 
           Let m be middle value from L 
           If v is equal to m 
               Return true 
           Else if v is less than m 
               Discard m and stuff after m from L  
           Else (We know that v greater than m) 
               Discard m and stuff before m from L  
     Return false 



Thus, the binary representation of N/2 is amam-1am-2…a2a1, which is the binary representation of N 
shifted to the right one bit.◊ 

Theorem 2:  If the number N requires exactly k bits to write in binary, then N/2 requires exactly 
k-1 bits to write in binary. 

Proof: According to Theorem 1, the binary representation of N/2 is the binary representation of N 
shifted to the right one bit.  Thus it is clear that 
N/2 requires one less bit to write, so the 
theorem follows.◊ 
 Next we want to determine how many bits are 
required to represent the number N. To do so, 
first notice that it takes k bits to represent 2k-1 in 
binary.  Once you realize that, it is not hard to 
see that all number between 2k-1 and 2k-1 require 
k bits to store.  Table 1 demonstrates this for 
several small values of N.  It also illustrates what 
we will prove in Theorem 3—that it takes 
exactly log2 N + 1 bits to write N in binary. 
 

 Theorem 3:  It takes exactly log2 N + 1 bits to 
write N in binary. 
Proof: Let k be an integer such that  

2k-1 ≤ N < 2k  (1) 
Then writing N in binary requires exactly k bits.  
Taking logs of (1), we get  

log2 2k-1 ≤ log2 N < log2 2k, or  

k-1 ≤ log2 N < k. 

Since k-1 and k are integers and log2 N < k , it must be the case that log2 N = k-1, which gives us  
k  =  log2 N + 1.  Thus it takes log2 N + 1 bits to write N in binary.◊ 
 
We are ready for the final result, proven the hard way. 

Theorem 4:  Binary search takes at most log2 N + 1 steps to search a list of size N. 
Proof:    We know that the number of steps binary search takes is how many times we can divide N 
by 2 before we get 0.  At each step of the algorithm, we are reducing the list size by half.  
According to Theorem 2, this corresponds to reducing the number of bits required to write down the 
list size by 1.  That is, each step of binary search reduces the number of bits required to write down 
the size of the remaining list by one.  Clearly we can only do this for as many bits as it takes to 
write down N.  According to Theorem 3, it takes log2 N + 1 bits to represent N in binary, so that is 
the largest number of steps binary search can take to search a list of size N.◊ 
 

Table 1 
N N (Base 2) # of bits log2 N+1 
20=1 1 1 1 
21=2 10 2 2 

3 11 2 2 
22=4 100 3 3 

5 101 3 3 
6 110 3 3 
7 111 3 3 

23=8 1000 4 4 
… 

15 1111 4 4 
24=16 10000 5 5 

… 
31 11111 5 5 

25=32 100000 6 6 
… 

63 111111 6 6 
26=64 1000000 7 7 

… 


