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These notes are based on chapter 17 of [1] and lectures from CSCE423/823, Spring 2001.

Greedy algorithms solve problems by making the choice that seems best at the particular
moment. Many optimization problems can be solved using a greedy algorithm. Some problems
have no efficient solution, but a greedy algorithm may provide a solution that is close to optimal.
We will begin our exploration with a simple example.

1 Greedy Algorithm Definition

A greedy algorithm works if a problem exhibits the following two properties:

1. Greedy choice property: A globally optimal solution can be arrived at by making a locally
optimal solution. In other words, an optimal solution can be obtained by making “greedy”
choices.

2. Optimal substructure: Optimal solutions contain optimal subsolutions. In other words,
solutions to subproblems of an optimal solution are optimal.

2 Activity Selection Problem

Problem 1 The activity selection problem involves a set S = {1,2,...,n} of n activities, each
with a start time S; and finish time F;, with S; < F;. We can view each activity as an interval
[Si, F}). Two activities © and j are compatible if the intervals do not overlap. That is, S; > Fj or
S; > F;. We wish to select the largest set of compatible activities.

In what order should we select the activities? Some possibilities are:
1. Pick shortest interval first.

2. Sort by start time, and pick according to earliest start time.

3. Sort by finish time, and pick according to earliest finish time.

Example:
Let S = {1,2,3,4,5,6}, with intervals [1,4), [3,5), [4,7), [8,9), [7,10), and [9, 12). We will try
several methods to solve the problem.



1. Shortest interval: Pick, in order, [8,9), [3,5), and [9, 12).
2. Earliest start time: Pick, in order, [1,4), [4,7), and [7, 10).
3. Earliest finish time: Pick, in order, [1,4), [4,7), [8,9), and [9, 12).

Notice in the last case, we get the most activities. In fact, this is an optimal solution.
We will prove that selecting the task with the earliest finish time first will yield an optimal

solution. First, we will assume that the activities are sorted in order of increasing finish times.
That is,
FF<FE<...<F,.

If they are not sorted, they can be sorted in O(n logn) time. The algorithm is as follows:

Greedy_Activity (S,F,n)

A={1} // Add the task with the earliest finish time
j=1 // J holds the value of the last task added
for (i=2, i<=n, 1i++) // Try each remaining task
if (S[i] >= FI[3]) // If task i is compatible
A=A+1i // Add 1 to the set A

=i // Set j to the element just added
return A // Return the maximal set of compatible tasks

During each iteration, the algorithm will choose the activity with the earliest finish time that
can be scheduled without conflict with the activities already scheduled. We will now show that the
Greedy_Activity algorithm computes an optimal solution.

Theorem 1 The Greedy_Activity algorithm gives an optimal solution to the activity selec-
tion problem.

Proof: We need to demonstrate the greedy choice property and optimal substructure.

Greedy Choice Property: Since activity 1 has the earliest finish time, it is the greedy choice.
Thus, we must show that there exists an optimal solution containing 1. Let A be an optimal so-
lution and assume activity 1 is not in A. Let k£ be the first activity in A. Then F; < Fj, so
B = (A — {k}) U {1} is a valid set of activities. Since |B| = |A|, B is also optimal. Since B
contains activity 1, we have shown the greedy choice property.

Optimal Substructure: Let £ be the first element in an optimal solution A. We need to show that
A" = A — {k} is an optimal solution to the subproblem involving the set of tasks S' = {i € S :
S; > Fi} (S’ is the set of tasks compatible with task k). Assume A’ is not optimal. Then there
exists a solution B’ for S’, such that | B'| > |A’|. The first activity in B’ has to be compatible with
k which means B'U{k} is a valid solution for S. However, |B'U{k}| = |B'|+1 > |A'|+1 = | 4|,
which contradicts that A is optimal for S. Therefore, A’ is optimal. O



3 Minimum Spanning Trees

Given a weighted graph G, we wish to construct a minimum spanning tree (MST)' of G.
Kruskal’ s algorithm is a greedy algorithm algorithm to find an MST of a graph G. Briefly
it works as follows:

Kruskal (G)
T={}
Sort Edges in ascending order of weight
For each edge e (in sorted order)
If T+e does not contain a cycle
T=T+e
Return T

Simply, we consider each edge in order of weight, adding it to the tree as long as it does not
create a cycle. We will prove:

Theorem 2 Let G' be a graph. The the set of edges T returned by Kruskal’ s algorithm is a
MST.

Proof: Greedy-choice property: We need to show that the minimum weight edge of G is con-
tained in some MST of G. Let T be a MST of &, and assume some minimum weight edge,
e = {u,v} ¢ T. We will find an MST that does have this edge. Notice that 7" U {e} must
contain a cycle. Since e is a minimum weight edge, every other edge of the cycle is at least the
same weight as e. Also, if we remove any edge from that cycle, the resulting graph will be a tree.
Let f be one such edge, and let 7" = T U {e} — {f}. Then T" is a spanning tree with weight
Wy +We—Wp < Wy, soT"is a MST. Since e € T', we are done.

Optimal substructure: Let 7 be a MST and e = (u,v) be a minimum weight edge. Consider
T'" =T — {e}. There are two cases to consider:

Case 1: Either u or v has degree 1 in T (without loss of generality, assume it is u). Then T" is a
spanning tree for G — {u} (G — {u} is the graph G less the point u and all the edges connected to
it).

Case 2: Removing e from T partitions T into two trees, Ty and T,. Let G; be the graph induced
by the vertices in 7 and G5 the graph induced by the vertices in 75. Then 7} is a spanning tree for
GG, and T is a spanning tree for G's.

In either case the trees 7", T7, and T, are MST for their respective subgraphs. For instance, if
Ty is not an MST for Gy, then there is an MST 77, with W (T7) > W (T}). In this case, T{ UToU{e}
is a spanning tree of G with weight

W(TTUTyU{e}) = W(T)) + W(T) + W({e}) < W(T1) + W(Tz) + W({e}) = W(T),

contradicting that 7" is an MST for G. Thus, 7} is a MST for G (and similar for 7" and 75). Thus,
we have shown optimal substructure. U

!See chapter 24 of [1] for a complete coverage of minimum spanning trees.



4 Greedy Algorithms: Theory

Definition 1 A matroid is an ordered pair M = {S, I} such that
1. S is a finite non-empty set.

2. I is a family of subsets of S, called independent subsets such that if A € I, then B € [ for
all subsets B C A.

3. For A, B € I if |A| < |Bj|, then there exists some x € B such that AU {z} € L.

Example: Let Mg = (Sg, I) for a graph G = (V, E) be defined as
1. Sq=F

2. Ig={acyclic subgraphs of G}

Vague proof that M is a matroid.

1. Sg is clearly finite and non-empty if G is.

2. If Ais acyclic, then B C A is clearly acyclic too.

3. Let A, B € I with |A| < |B|. Clearly, A and B are forests and B has less trees than A.
Therefore, there is an edge {u,v} € B such that u and v are in different trees of A, so
A UA{u,v} € Ig (because this edge connects two different trees in A, it cannot make a
cycle). O

We are still looking to reconcile this with Minimum Spanning Trees.

Definition 2 For a matroid M = (S, I), an element x ¢ A, is an extension of A € I if AU{z} € L.

Definition 3 A € [ is called maximal if A has no extensions. Put another way, A is maximal if A
is not contained in any larger subsets of 1.

Theorem 3 All maximal independent subsets of a matroid have the same size.

Proof: Let A, B € I be maximal independent subsets with |A| < | B|. By property 3, there exists
some x € B — A such that AU {z} € I which contradicts A being maximal. Thus, |A| = | B|, and
all maximal independent subsets have the same size. 0

Definition 4 A matroid M = (S, I) is weighted if there is a weight function W that associates
with each element x € S a positive weight W (z). Given a subset A € I, define W(A) =

2z W(2).

Definition 5 A subset A € I is optimal if W (A) is maximal.



Fact: An optimal subset must be maximal (have no extensions), since extending it would increase
its weight.

Example: To turn the MST problem into a weighted matroid, we define the weight function
W'(z) = Wy — weight(x) Wy > weight(x) for all z.

We now present a greedy algorithm to find an optimal subset of a weighted matroid.

Greedy_Matroid(S, I, W)
A={} // Start with the empty set
Sort S non-increasing by W
For each x in S in sorted order

if A+x in T // If A union x 1is in I
A=A+x // Add x to A
Return A // A is optimal

Assuming determining whether or not A U {z} € [ takes time f(n), then the complexity is
O(nlogn) + O(nf(n)) = O(nlogn + nf(n)). We will now show that the algorithm is correct.

Lemma 4 (Matroids exhibit the greedy choice property)

Let M = (S, I) be a matroid with a weight function W, and assume S is sorted, non-increasing
according to W. Let x € S be the first (thus largest) element such that {x} € I, if one exists. Then
{z} is contained in some optimal solution.

Proof: If there is no such z, there is no optimal solution (and there is nothing to prove).

Let B be an optimal solution, and assume x € B. Notice that if y € B then W, < W,, since
{y} € I, and = has maximum weight. Let A = {z}. While |A| < |B|, find Z € B — A such that
AU{z} € I and add z to A. Eventually, we will have A = {z} U B — {y} for some y € B, with

W(A) =W({z}UB—{y}) =W(B) + W(x) - W(y) = W(B).
Thus, A is an optimal solution containing x. (]
Lemma 5 Let M = (S, I) be a matroid. If {x} & I, then AU {z} & I for any subset A.

Proof: By property 2,if AU {z} € I, then z € I since {z} C AU {z}. O

Lemma 6 (Matroids exhibit optimal substructure) Let x be the first element chosen by Greedy_Matroid
for a weighted matroid M = (S,I). Let A = {z} U A" is optimal for M. Then A’ is optimal for
M' = (A", I'), where

S'={yeS:{x,y}el}, and

I'={BC(S—{z}): Bu{z} eI}

Proof: Let A € I be optimal with z € A. Let A’ = A — {z} and assume A’ is not optimal for
M'. Then there exists a solution B’ for M’ such that W(B') > W (A’). Thus, B'U {z} € I isa
solution for M with

W(B' U{z}) = W(B')+W(z) > W(A) + W(z) = W(A),

contradicting that A is optimal. Thus A’ is optimal. U



Theorem 7 (The Greedy_Matroid algorithm is correct) If M = (S, I) is a weighted matroid
with weight function W, then Greedy_Matroid returns an optimal subset.

Proof: By Lemma 5, if we skip over any element as a first choice because it is not in 7, then it is
not in any optimal solution, so it is no loss. Once we pick the first element z, Lemma 4 ensures
there exists an optimal solution containing x, so x is safe to add. According to Lemma 6, we need
to find an optimal solution to M’ = (S',I'). Since B € I' iff BU {z} € I we can view the
algorithm as acting on M'. Thus the algorithm will continue by finding an optimal solution to the
subproblem. Therefore it finds an optimal solution to the problem. U

5 Task scheduling

Problem 2 In the task scheduling problem we have a set of n tasks, such that:
1. Each task takes unit time.
2. Each has a deadline d; by which it should be done.
3. Each has a penalty p; if it is late.

We wish to find a schedule of all n tasks in n time units so that the overall penalty is minimum.

We can easily see a few facts about this problem: Fact 1: We can list the tasks so that all the
early tasks are scheduled before any of the late tasks are. A schedule in this form is called early
first.

Fact 2: We can list the tasks in canonical form. That is, early first such that the early tasks are in
order of deadline. Why?

Notice that if 4 is scheduled before j but d; > d;, switching 7 and j makes j earlier (so it is still on
time) and puts ¢ where j was, and since ¢ has a later deadline, : is still on time.

Fact 3: Minimizing the penalty of the late tasks is equivalent to maximizing the penalties of the
on-time tasks.

Theorem 8 Let M = (S, I) where S ={the set of tasks}, I= {subsets of S such that there exists
an on-time schedule} (Those subsets that can be scheduled on time.) The M is a matroid.

Proof: We need to show the 3 matroid properties hold.
1. S is clearly non-empty and finite.
2. If A € I, every subsetof B C A € [ is clear.

3. If A,B € I and |A| < |B] then there exists z € Bsuchthat AU{z} € I. Letz € B— A
have the latest deadline d, = k. Let

C={ye AnB:d, >k}, and



D={yeB:y¢Candy +# z}

Notice that if y € D, then d,, < k since otherwise it would have been chosen instead of z.
Thus |[DU {z}| < k, since this is a set of tasks which all must be completed by time &, there
can be at most k£ of them). Notice that A = C U (A — C)and B = DU {z} UC. Since
Al < |B],

ICUA-C)| < |Du{z}UuC|=

ICl+|A-C| < |DU{z}| +|C| =

|A—C| < |DU{z}| <k,

so |[A — C| < k Assume AU {z} ¢ I. Then there exists k tasks in A with deadline at most
k. Thus, |A — C| > k, contradicting that |A — C'| < k. Therefore AU {z} € T O

Figure 1 gives a graphical representation of the proof of Theorem 8.

|Task ][ 1]2 |3 |4 |5 [6 [7 [8 |9 |10]11]12]13]14]15|
A X X X[X XX X
B| |X X[X XX X X X

vV v
D T C

Figure 1: A graphical example of the proof of Theorem 8. The tasks are sorted by increasing
deadline. Notice that z is the largest task in B that is not in A, and since it has deadline k, those
tasks to its left have deadline < k.
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