SIAM J. DISCRETE MATH. (© 2009 Society for Industrial and Applied Mathematics
Vol. 23, No. 2, pp. 634-646

PEBBLING ALGORITHMS IN DIAMETER TWO GRAPHS*

AIRAT BEKMETJEV!T AND CHARLES A. CUSACK?

Abstract. Consider a connected graph and a configuration of pebbles on its vertices. A pebbling
step consists of removing two pebbles from a vertex and placing one on an adjacent vertex. A
configuration is called solvable if it is possible to place a pebble on any given vertex through a sequence
of pebbling steps. A smallest number ¢ such that any configuration with ¢ pebbles is solvable is called
the pebbling number of the graph. In this paper, we consider algorithms determining the solvability of
a pebbling configuration on graphs of diameter two. We prove that if k is the vertex connectivity of a
diameter two graph G, then a configuration is solvable if there are at least ¢(k) = min{k + 4,3k — 1}
vertices in G with two or more pebbles. We use this result to construct an algorithm that has
complexity O(c(k)! - n2¢(5)=3m)  where n is the number of vertices and m is the number of edges.
We also present an algorithm for diameter two graphs with pebbling number n+ 1, known as Class 1
graphs, which takes O(nm) time.
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1. Introduction. Let G be a connected graph with vertex set V' and edge set E,
with n = |V| and m = |E|. Define a pebbling configuration as a function C : V. — Z 7,
where C(v) represents the number of pebbles placed on vertex v. For any vertex v
with C'(v) > 2, a pebbling step consists of placing one pebble on an adjacent vertex
and discarding two pebbles from v. A configuration is called r-solvable if there is a
sequence of pebbling steps that places at least one pebble on vertex r. Any such
sequence is called an r-solution. A configuration is called solvable if it is r-solvable
for any r € V. We call an r-solution minimal if it contains the smallest number of
pebbling steps.

This paper considers an algorithmic approach to the pebbling problem. Watson
[8] and Milans and Clark [6] showed that determining the solvability of a pebbling
configuration on a general graph is an NP-complete problem. We will consider graphs
of diameter two and show the existence of an algorithm whose running time depends
on the vertex connectivity and the size of the graph. In particular, we will show that
in a diameter two graph with connectivity k, any configuration that contains at least
c(k) = min{3k — 1,k + 4} vertices with two or more pebbles is solvable. Based on
this result, we will establish an algorithm that determines the solvability of a given
configuration in O(c(k)! - n2®)=3m) time, which is polynomial when k is constant.

We begin by presenting a backtracking algorithm (Algorithm 1.1, which uses
Algorithm 1.2) that determines the solvability of a pebbling configuration on any
graph. The method ADJACENTPEBBLE(u,v) performs a pebbling step from u to v,
assuming that « and v are adjacent, and that C(u) > 2. UNDOPEBBLE(u, v) reverses
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a pebbling move. The algorithm maintains a set L of vertices which can be pebbled,
returning TRUE if |L| = n (since then all of the vertices have been covered), and
returning FALSE if |L| < n at the end of the algorithm.

The algorithm is based on the following ideas. If C' is a solvable configuration,
and r is a vertex with no pebbles, it follows from [6] that there is an acyclic r-solution,
and all moves from valid vertices (i.e., vertices that contain at least two pebbles) can
be made in an arbitrary order. Also, if M is an r-solution, then any pebbling sequence
N with M C N is also an r-solution.

Algorithm 1.1. IsSOLVABLE(G, C).

global Set L
for u —0ton—1
do {if Cu) =21 } 1.1.1
then add v to L
if |[L|=n
then return (TRUE)
else return (ISSOLVABLERECURSIVE(G, C))

Algorithm 1.2. ISSOLVABLERECURSIVE(G, C).

comment: Determine first vertex with at least 2 pebbles

u<«—0
while u < n and C(u) <1
dou«—u-+1 1.2.1
ifu=n
then return (FALSE)

comment: Now try all possible moves from u

for each v adjacent to u
add v to L
if |[L| =n
then return (TRUE)
C.ADJACENTPEBBLE(u, v)
solvable = ISSOLVABLERECURSIVE(G, C")
C.UNDOPEBBLE(u, v)
if solvable
then return (TRUE)
return (FALSE)

1.2.2

Let T'(t) be the worst-case time it takes to determine the solvability of a graph
with ¢ pebbles using Algorithm 1.1, and let d be the maximum degree of G. Notice
that step 1.1.1 in Algorithm 1.1 and step 1.2.1 in Algorithm 1.2 each take O(n) time.
A graph with a single pebble will end at step 1.2.1, so T(1) = O(n). Step 1.2.2
executes at most d times, each time requiring O(1) time plus making a recursive call
on a graph with one fewer pebble. Thus,

T(t)=d(T(t—1)4+0(1))+O0(n)=d-T(t—1)+O(n) = O(nd" ™).

Since t may depend on n, Algorithm 1.1 is not polynomial time in general. One source
of inefficiency in this algorithm is that there may be many ways of moving a pebble
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from one vertex to another along paths of vertices which contain a single pebble, and
it tries all of them. It turns out that, for graphs of diameter two with connectivity k,
we can avoid such an exhaustive search.

2. Diameter and connectivity. Let Gs represent the set of all graphs of di-
ameter two, and let G, C G2 be the set of diameter two graphs which have vertex
connectivity k. It is clear that if @) is a vertex cut set in a diameter two graph, then
any vertex in V\@Q must be adjacent to at least one vertex in (). This observation
leads to the following.

LEMMA 2.1. Let G € Gy and let Q be a vertex cut set. Then a configuration C
is solvable if it is possible to place at least two pebbles on each vertexr in Q.

Let Cy, = {v € V|C(v) = m}. Note that for a graph G € G, any configuration
is solvable if C4 is nonempty. We are going to establish two upper bounds on |Cs| for
members of Gy j, which are unsolvable.

LEMMA 2.2. Let G € Ga ;. Then a configuration C is solvable if |Ca| > 3k — 1.

Proof. Let @ be a minimal cut set of G that contains k vertices. For any sequence
of pebbling moves in an unsolvable configuration, none of the vertices in @ can ac-
cumulate four or more pebbles and, by Lemma 2.1, at least one vertex in @ can
accumulate at most one. Therefore, at most 3(k — 1) + 1 = 3k — 2 pebbles can be
placed on vertices in @ without the configuration being solvable. However, at least
3k — 1 pebbles can be placed on @ from C5, and therefore C' is solvable. a

The last result is tight for £ = 1,2. If G € G2 1, then it has a vertex u that is
not adjacent to all other vertices, and placing two pebbles on v and zero on all other
vertices creates an unsolvable configuration. Further, Figure 2.1 represents a graph
in G2 2 and a configuration C' with |Cs| = 4, which is not solvable. As it is shown in
the following result, the upper bound on |Cs| can be improved for k > 3.

Fia. 2.1. An unsolvable configuration for a graph from Ga o with |C2| = 4. The squares
represent the cut set, the diamonds are the vertices containing two pebbles, and the triangle is the
root.

THEOREM 2.3. Let G € Ga . Then a configuration C is solvable if |Ca| = k+4.

Proof. Let C be an unsolvable configuration with |C2| = k + 4 + 4, where ¢ > 0.
Let @ be a vertex cut set of size k in G, Q2 = CoNQ, and Qo1 = Q \ Q2. Also, let
X be the set of vertices in the component of V'\ @ such that |Cy N X| is the smallest,
andlet Y =V \ (QUX). Let Xo=CoNX, Y, =CoNY, Q2] = ¢q, and |Xs| = 2.
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Then |Ya| =k +4+4 ¢ — g — z. By construction, |Xs| < |Yz], so z < %. Finally,
let @' C Qo,1 be the set of vertices that are adjacent to vertices in both Xs and Y3.
By Lemma 2.1, at least one vertex in (Jo,; must be adjacent to at most one vertex in
X2 UY; (or the configuration will be solvable), so |Q'| < k — ¢ — 1.

There are three cases to consider depending on the value of x.

1. (x = 2). Let vo € X5 and us € Ya. Any vertex u € @ that is adjacent to both
vy and ug must be in o1, since otherwise two more pebbles can be placed
on u from vy and usg, giving it four. For the same reason, each u € Qo
can be adjacent to at most three vertices in Xy U Y5. This implies that each
u € Qo,1 can be adjacent to at most two distinct pairs in X5 x Y5. Therefore
| Xa||Ya| = x(k+4+i—q—1x) <2(k—q—1) or, equivalently,

(2.1) (x—2+q¢g—k—i)(xr—2)>6+2i.

Since x < w, and ¢ < k,

(x—24+q¢g—k—i)(z—2) <k+4+z

<q

<0,

—2+q—k—z’> (z —2)

—)@-2)

1\3??‘

contradicting (2.1).

2. (x =1). Let X = {u}. Then there is a path of length two from each of the
k — g+ 3+ 1 vertices in Y5 to u with some vertex in @)’ as the intermediate
vertex. Thus, it is possible to move at least K — ¢ + 3 + ¢ pebbles onto the
vertices of @’. Since |Q'| < k—¢— 1, then k —¢+3+1i > |Q'| + 4, so
either one of these vertices accumulates four or more, or at least two of them
accumulates two or more. In either case, two pebbles can be moved onto u,
giving it four pebbles.

3. (x = 0). Let u € X. Then there is a path of length two from each of the
k 4+ 44 1 — g vertices in Y5 to u with some vertex in @ as the intermediate
vertex. Let S C @ be the set of vertices that are adjacent to both v and a
vertex in Ya, and let S = SNQ2. Then |S| < k—q+|S2|, and it is possible to
accumulate at least |Ya|42|S2| = k+4+i—q+2|Ss| > |S|+4+|S2|+i > |S|+4
pebbles onto the vertices in .S. There are four cases to consider, each of which
leads to a solvable configuration.

(a) Some vertex v € S can accumulate four pebbles.

(b) There are four vertices in S which can accumulate two pebbles, in which
case four pebbles can be moved to u.

(¢) Some vertex v; € S can accumulate three pebbles, and vq,vs € S can
accumulate at least two each. Then two pebbles can be moved from vg
and vz onto u, and then one can be moved from u to vy, so that v
accumulates four.

(d) v1,v2 € S can each accumulate three pebbles, and every other vertex in
S can accumulate only one pebble. In this case, S = Qo,1, and every
vertex in S\ {v1,v2} can accumulate exactly one pebble. Then one
pebble can be moved from each of v; and v2 onto u, and then one pebble
can be moved from u onto any vertex in S. Thus, any vertex in ) can
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accumulate at least two pebbles and, by Lemma 2.1, the configuration
is solvable. a
COROLLARY 2.4. Let G € Ga . Then a configuration C is solvable if |Co| >
min{3k — 1,k + 4}.

3. Islands and bridges. An i-island is a maximal connected subgraph of a
graph in which every vertex has at least one pebble and one vertex has at least @
pebbles. Given a set of integers b = {b1,bs,...,b;}, a b-island is an island that
contains distinct vertices v, va, ..., v such that C(v;) > b;,1 < j < 1. A bridge is
a vertex which has zero pebbles. Notice that if a bridge v is adjacent to a 2-island,
then one pebble can be added to v. If every vertex on an island contains precisely one
pebble, we call it a desert. For an island I, the surplus s;(C) of I is the difference
between the number of pebbles placed on I and the number of vertices in I, i.e.,

s1(C) =Y Cv) - 1.

vel

We also define the surplus of the graph s (C) as the sum of the surpluses of all islands.
That is,

sa(C)=>_C(v) —|C].

veG

Note that a pebbling move from an island to a bridge always reduces the surplus
of the graph. In a graph with surplus s, for any vertex r, any r-solution can move
pebbles onto at most s bridges, including 7.

A vertex in G that is adjacent to at least one vertex of a subgraph H is called
adjacent to H. Note that a vertex containing two or more pebbles allows the movement
of at least one pebble to any other vertex on its island or any bridge adjacent to its
island.

Every vertex of a graph is either a bridge or a member of a single island, and a
pebbling configuration is solvable if and only if every bridge can be pebbled. In any
sequence of pebbling steps, we say a bridge is filled if two pebbles are moved onto
it, and emptied if two pebbles are removed from it. In a minimal r-solution for any
root r, every bridge that is used must be filled and emptied, except r.

Recall that for any two vertices u,v € V', the distance d(u,v) between u and v is
the number of edges on the shortest path connecting them. For a subset S C V, let
dmin(v, S) be the smallest distance between vertex v and any vertex in S. Let

D, (S) = {v € V|dnin(v,S) = m}.

In particular, for an island I, D1(I) is the set of vertices adjacent to at least one
vertex in I.

LEMMA 3.1. Let G € Go and let C be a configuration which contains an island I
with s;(C) > 3. Then C' is solvable.

Proof. If s;(C) > 3, then I is a 4-island, a {2, 3}-island, or a {2,2,2}-island.
Clearly, a 4-island guarantees solvability. Given a {2, 3}-island, we can move a pebble
from the vertex with two pebbles to the vertex with three pebbles along a path in I,
creating a solvable configuration. If I is a {2,2,2}-island, let a, b, and ¢ be vertices
in Co NI. Consider any path P between a and b. If ¢ € P, we can accumulate
four pebbles on ¢ from a and b. Otherwise, choose a shortest path P’ between ¢ and
the vertices in P. Let w = PNP'. If u = a (or u = b), we can accumulate four pebbles
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on u by moving one from b (or a), and the other from c. If v is different from a and b,
we can move three pebbles from a, b, and ¢ onto u, giving it four pebbles. d

In light of Lemma 3.1, we call an island I with s;(C) > 3 an empire. If a graph
does not contain an empire, then the only possible islands are deserts, 2-islands,
3-islands, and {2,2}-islands. Note that the latter three cases of islands are not mu-
tually exclusive.

Islands and pebbles can be maintained as part of the graph data structure, and
each vertex can store a reference to the island to which it belongs. The following
basic procedures are needed in the construction of an algorithm to determine the
solvability of graphs in G ;. An upper bound for their running time is provided.
Notice that whenever a pebbling move is performed, the islands must be updated,
since a single pebbling move might significantly change the configuration of islands.
Thus UPDATEISLANDS is called at the end of any procedure that moves pebbles.

e UPDATEISLANDS() updates the data structure representing the islands and
records whether or not an empire is present. This can be implemented using
a standard BFS/DFS algorithm in O(n + m) time (see [3], for instance).

e CONTAINSEMPIRE() returns TRUE if and only if G contains an empire. This
takes O(1) time.

e ISADJACENTTWOISLAND(u) returns TRUE if and only if « is adjacent to a
2-island. This can be implemented in O(d) time, where d is the maximum de-
gree of G, by checking if any of the vertices adjacent to u belong to a 2-island.

e PEBBLEFROMISLAND(I, u) performs a sequence of pebbling steps required to
move a pebble from I to u using only vertices in [ in intermediate steps,
assuming that v € D;(5) and I is a 2-island. It calls UPDATEISLANDS() and
returns the resulting graph configuration. It takes O(n + m) time.

e CANDOUBLEPEBBLE(G’, I, u,v) returns TRUE if and only if pebbles can be
moved from I (assuming that I is a {2, 2}-island) to vertices u and v (where
u = v is possible) simultaneously, using only vertices from I in intermediate
moves. It assigns to G’ the resulting graph configuration and calls UPDATE
IsLANDS() on G'. It takes O(nm) time (see Corollary 3.3 below).

The next result by Shiloach [7] is used to determine the pebbling solvability in
the presence of a {2, 2}-island.

THEOREM 3.2 (see [7]). For any distinct vertices si, sa2, t1, and ta, it can be de-
termined in O(nm) time whether or not G admits two vertez-disjoint paths connecting
s1 to t1 and so to ta.

COROLLARY 3.3. Let I be a {2,2}-island that is not an empire.

1. For any two distinct vertices u,v € D1(I), it can be determined in O(nm)
time whether or not both u and v can be pebbled from I simultaneously.

2. For any u € D1(I), it can be determined in O(nm) time whether u can be
filled from I.

Proof. Let G’ be the subgraph of G induced by the vertex set I Uu U v, and s
and so be elements of Cy N I. Then the first condition follows from Theorem 3.2 by
determining disjoint paths connecting either s; to u and sy to v, or s; to v and s2 to
uin G'.

For the second condition, notice that if u is adjacent only to one vertex in I, then
it cannot be filled from I. Otherwise, vertex u can be filled from I if and only if there
are disjoint paths to u from {s1,s2} = C2 N I. Let G’ be a graph induced by the
vertex set I Uu with an added vertex «’ that is adjacent to everything that w is. Then
there are disjoint paths from s; to u and s to w in G if and only if there are disjoint
paths from s; to u and s3 to ¢’ in G’. The result follows from Theorem 3.2. a
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4. Algorithms for G ;. The goal of this section is to present a polynomial
time algorithm to determine the solvability of a pebbling configuration for graphs in
Go k-

Let C be a configuration on G € Gs and I an island in C. In any sequence of
pebbling moves, if one or more pebbles are moved from the vertices of I, and no
pebbles are moved onto I, then I is called an origin.

THEOREM 4.1. Let C' be a solvable configuration which does mot contain an
empire and contains some vertez r with C(r) = 0 that is not adjacent to any 2-island.
Then, any minimal r-solution contains an origin.

Proof. Let b be the number of bridges in C' used in a minimal r-solution, counting
repeated use of any bridge. Note that b > 1, since r is not adjacent to a 2-island.
Further, in a minimal r-solution, exactly 2b pebbles are moved to the bridges, and
exactly b pebbles are moved from the bridges to adjacent vertices. Let j be the number
of these b pebbles that is moved onto bridges or deserts in C. Clearly, j > 1, since one
pebble must be moved either to r or a desert adjacent to . Thus, at most b—j pebbles
can be moved onto 2-islands, since 2-islands in C' can be pebbled only from bridges
in C. If there is no origin, the number of 2-islands used in the pebbling is at most
b— j. Since there is no empire, the only possible islands in C are 2-islands (including
3-islands) and {2, 2}-islands, so at most two pebbles can be moved from each island.
Therefore, at most 2(b — j) pebbles can be moved from 2-islands to bridges. Hence,
at most 2(b — j) + j = 2b — j < 2b pebbles can be moved onto bridges, contradicting
the fact that 2b pebbles were moved onto bridges. O

Theorem 4.1 allows us to construct a recursive algorithm for determining the
solvability of graphs in Go. We will show that this algorithm is polynomial for graphs
in Gy, when k is constant.

Consider a configuration C' that satisfies the condition of Theorem 4.1. Let r be
a vertex of G and let I be an island which is an origin in a minimal r-solution. If T
is a 2-island or 3-island, then the vertices of I are used to pebble to some adjacent
bridge u, and then never used again. Therefore, instead of considering all possible
pebbling sequences from I to u, we can just choose one of them.

If the origin I is a {2,2}-island, then things are slightly different. If only one
pebble is moved from I, the situation is the same as if I were a 2-island. If two
pebbles are moved from I, either onto the same adjacent bridge u, or two adjacent
bridges u and v, then the vertices of I are never used again, so, as before, we can
choose just one such sequence of moves.

Algorithm 4.1 uses these ideas to determine whether every root r in the graph can
be pebbled. It maintains a set L of vertices which can be pebbled, which is initialized
with every vertex in Cy. It then calls Algorithm 4.2, which recursively tries pebbling
moves from every 2-island to every adjacent bridge until every vertex can be pebbled
or no moves are possible. At each recursive step, the algorithm checks whether r is
adjacent to a 2-island or C’ contains an empire, in which case the configuration is
solvable. Otherwise, we need to consider configuration C’ with fewer pebbles than C.

The following result proves that for every {2,2}-island I, the recursive call will
be made at least once for each vertex in Dy (I) at step 4.2.4 in Algorithm 4.2.

LEMMA 4.2. Let C be a configuration on a graph G € Gaj which contains
some vertex r that is not adjacent to any 2-island. If C contains a {2,2}-island
I, then for any vertex w € Di(I) there is a vertex v € Dy(I) such that algorithm
CANDOUBLEPEBBLE(G’, I, u,v) returns TRUE.

Proof. Let u; and ug be vertices in I with two or more pebbles and w € D;(I). Let
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P be a shortest path from {u1,us} to u with vertex set V(P) C I Uu. Without loss
of generality, we can assume that u; € V(P). Since P is a shortest path, us ¢ V(P).
We can move a pebble from u; to w using vertices of P and, since G € Gs, there
is a path ugvr with v € Dy(I). Therefore, we can move a pebble from us to v and
algorithm CANDOUBLEPEBBLE(G, I, u, v) returns TRUE. O

Algorithm 4.1. ISSOLVABLEDIAMTWO(G).

global Set L
foru<—0ton-—1
do ifueC
then add uw to L
G.UPDATEISLANDS()

4.1.1

return (ISSOLVABLEDIAMTWOREC(G))

Algorithm 4.2. ISSOLVABLEDIAMTWOREC(G).

if G.CONTAINSEMPIRE() 491
then return (TRUE) -

for each 2-island I
do {for each u € D1(I)
do {L.ApD(u) 4.2.2
if |[L| =n
then return (TRUE)

for each 2-island I
for each u € Dy ()
G’ = G.PEBBLEFROMISLAND(I, ) 4.2.3
do { if IsSoLvABLEDIAMTWOREC(G’
then return (TRUE)

do

for each {2,2}-island I
for each v € D, (I) and v € D1()
if G.CANDOUBLEPEBBLE(G', I, u,v) 4.2.4
do if IsSoLvAaBLEDIAMTWOREC(G")
then
then return (TRUE)

do

return (FALSE)

The next result provides an upper bound on the time required to determine the
solvabilty of a configuration with |Cs| = 1.

THEOREM 4.3. Let G be a diameter two graph with a configuration C' of pebbles
such that |Cy| = 1. Then the solvability of G can be determined in O(l! - n?~1m)
time.

Proof. We will use induction on |Cs|.

Base case. Let C be a configuration with |Cy| = 1. Then C is solvable if and
only if either every bridge is adjacent to the 2-island or some vertex v € Ca contains
at least four pebbles. Thus, the solvability of C' can be determined in O(n +m) time.

Induction step. Let us assume that the theorem is true for |Cy| < I, and let C be
a configuration with |Ca| =1+ 1.
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If C contains an empire or every bridge is adjacent to a 2-island, then its solvability
can be verified in O(n+m) time. These conditions are checked in steps 4.2.1 and 4.2.2
of Algorithm 4.2.

Otherwise, C' does not contain an empire and there is some bridge r that is not
adjacent to any 2-island. If there is a minimal r-solution S, in C, then by Theorem 4.1,
there is an island I in G that is an origin for this solution. If I is a 2-island or 3-island,
then a subsequence of steps in S, required to move a pebble to some bridge u € Dy (1)
results in a new configuration C’ with |C4| = |Ca| — 1 =1. If I is a {2,2}-island that
is used in S, to pebble to bridges u and v (with u = v a possibility), the result of
the move(s) from I to v and v is a new configuration C’ with |C}| < |C2| —1=1. In
either case, the resulting graph is solvable by induction.

Since it is unknown which island I is an origin, or which vertex u (or u and v)
it pebbles to, we need to consider all of them. For every 2-island and 3-island, we
will pebble to each bridge u adjacent to I. There are at most [ such islands, and
each is adjacent to at most n — [ bridges. For each island I and each v € D;([),
we need to make the pebbling move and then make a recursive call. This requires
In—=0)(0(n+m)+T(—1)) time, and corresponds to step 4.2.3.

Similarly, for every {2,2}-island I and pair of bridges v and v (including v = v)
adjacent to I, we make the pebbling moves required to pebble to both u and wv,
assuming it is possible, and then make a recursive call. There are at most [/2 such
islands, each adjacent to at most (n — [)? pairs of bridges. For each of these, we
need to attempt to pebble to both u and v and make a recursive call. This requires
L(n —1)2(O(nm) 4+ T(I — 1)) time, and corresponds to step 4.2.4.

From this, we can see that the complexity of Algorithm 4.1 is

T()=0Mnm+m)+I1n—-00Mn+m)+T1—-1))+ é(n —D)*O(nm) +T(1 —1))

<O(-n*m)+1-n°T(1-1),

where T'(1) = O(n + m). It follows that T(1) = O(I! - n?'~1m). O

COROLLARY 4.4. Let G € Gy i, where k is a constant. Then the solvability of G
can be determined in O(c(k)! - n2*W)=3m) time.

Proof. Algorithm 4.3 extends Algorithm 4.1 by first determining the connectivity
of the graph, and then applying Corollary 2.4. The vertex connectivity of a graph with
n vertices and m edges can be determined in O((n + min{k®/2, kn3/*})m) time (see
[4]). By Corollary 2.4, the configuration is solvable if |Ca| > ¢(k) = min{3k—1,k+4}.
If |Cs] < ¢(k), the solvability of the pebbling configuration can be determined by the
algorithm ISSOLVABLEDIAMTWO in O(c(k)! - n?(¢®)=D=1m) time. The total time is
thus O(c(k)! - n2®)=3m + (n + min{k%/2, kn®/*})m) = O(c(k)! - n>F)=3m). n|

Algorithm 4.3. ISSOLVABLEDIAMTWOCOMPLETE(G).

k = G.CoMPUTECONNECTIVITY()
if |C2| > min{3k — 1,k + 4}
then return (TRUE)
else return (ISSOLVABLEDIAMTWO(G))

5. Class 1 graphs. The smallest number ¢, such that any configuration of ¢
pebbles on G is solvable, is called the pebbling number of G. Clarke, Hochberg, and
Hurlbert [2] provided a complete classification of graphs in Ga. The pebbling number
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of any graph in Go is either n (these graphs are called Class 0) or n + 1 (called
Class 1). Figure 5.1 introduces various subsets of G, graphs according to class and
connectivity. Algorithm 4.3 will determine the solvability of any diameter two graph
of Class 0 or 1 in O(c(k)!-n?¢®)=3m) time. For graphs in D and F, this takes O(nm)
and O(n"m) time, respectively. In this section, we describe a more efficient technique
for determining the solvability of a configuration for graphs of Class 1 using their
structural properties. We will show that this approach requires O(n + m) time for
graphs in D and O(nm) time for graphs in F.

Class
klo]1
110 |D
21 €| F

>3 | H |0

Fic. 5.1. Categorization of diameter two graphs.

LEMMA 5.1. Let G have a vertex of degree n — 1. Then the solvability of G can
be determined in O(n +m) time.

Proof. Let v be a vertex of degree n — 1. If C5 > 2, then it is possible to move
two pebbles to v, making the configuration solvable. If Cy < 1, then a configuration
is solvable if and only if it contains a vertex with four or more pebbles, every bridge
is adjacent to the single 2-island, or every vertex contains one pebble. All of these
can be checked in O(n + m) time. 0

COROLLARY 5.2. Let G € D. Then the solvability of G can be determined in
O(n +m) time.

Proof. If G € D, then G contains a vertex of degree n — 1. The result follows
immediately from Lemma 5.1. O

Clarke, Hochberg, and Hurlbert [2] gave a description of the structure of graphs
in F, which was corrected by Blasiak and Schmitt [1]. Figure 5.2 shows the structure
of all graphs in F. At least two of the edges p'q’, p’r’, and ¢’ must be present. The
possibly empty subgraph H,, (similarly for ¢ and r) has all of its vertices adjacent
to both ¢" and r’, and each component of H, has at least one vertex adjacent to p.
Finally, each vertex of the subgraph H. (which also may be empty) must be adjacent
to at least two of p/, ¢/, and 7’. Except for edges within the subgraphs H,, H,, H,,
and H., no other edges are permitted. Let H, = H), Up (similarly for ¢ and r). Note
that H,, is connected if and only if each component of H), has at least one vertex
adjacent to p. Thus we can replace the conditions above with Hzl7 being nonempty,
connected, and each of its vertices being adjacent to both ¢’ and r’.

The existence of a O(n®) algorithm to determine whether a diameter two graph
is Class 1 is implied in [2, 5], but no details are given.

LEMMA 5.3. Membership in F can be determined in O(n®m) time.

Proof. We first attempt to identify p’, ¢/, and r’ by considering all triples of
vertices in G. For each triple, we proceed with the following test, quitting if any step
fails:

1. Verify that at least two of the edges p'q’, p'r’, and ¢'r’ are present.

2. Identify the subgraph H,, by choosing it to be everything that is not in the
connected component of G\ {¢’,r'} which contains p’. Verify that H, is
nonempty, connected, and each of its vertices is connected to both ¢’ and r’.
Repeat the same process for ¢ and r.
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F1c. 5.2. Family F.

3. Let H/ be the set of all vertices not already accounted for. Verify that each
one is connected to at least two of p/, ¢/, and r'.
Each step takes O(n + m) time. If the test passes for a given choice of p’, ¢/, and
r’, then G € F. Otherwise, we try the next triple. If this test fails for all triples of
vertices in G, G ¢ F. Since there are (g) = O(n?) ways of selecting p’, ¢’, and 7/, the
total running time is O(n3(n +m)) = O(n®*m). O

By [4], it can be determined in polynomial time whether G € Go1 or G € Ga o
and, by Lemma 5.3, membership in F can be determined in polynomial time.

COROLLARY 5.4. Membership in D, £, F, and H can be determined in polynomial
time.

The next result describes properties of an unsolvable configuration in F.

LEMMA 5.5. Let G € F. If C is an unsolvable configuration on G, then all of
the following are true:

1. At most one of p’, ¢', and r' has two or more pebbles.

2. At most one verter in each of H,, H,, H,, and H. has two or more pebbles.
3. At most two of H,, H,,, H}, and H. have a vertex with two or more pebbles.
4. At most two vertices in G have two or more pebbles.

Proof. Note that any pair of vertices from p’, ¢, and ' forms a cut set, so if
statement 1 or 2 is not met, then it is possible to move two pebbles to two of these
three vertices. Therefore, by Lemma 2.1, the configuration is solvable. If all three
of H,, Hy, and H, have a vertex containing two pebbles, it is possible to place two
pebbles on any of p’, ¢/, and . If H,, H,, and H, each have a vertex with two pebbles,
then two pebbles can be placed on r/, and on either ¢’ or p’ (or both). Applying
symmetry and Lemma 2.1, the third condition is true. If the first three conditions
are satisfied and G contains at least three vertices with two or more pebbles, then
one of them must be p', ¢’, or ', and the other two must be from H;, H,, H;, and
H! with at most one vertex from each. Without loss of generality, assume r’ contains
two pebbles. Due to symmetry there are four cases to consider:

1. If w € H, and v € H, each contain two pebbles, four pebbles can be moved
to 7.

2. If u € Hy, and v € H, each contain two pebbles, two pebbles can be moved
to ¢’

3. If w € H, and v € H, each contain two pebbles, either four pebbles can be
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moved to 7’ or two pebbles can be moved to ¢, depending on which edges
among p'q’, p'r’, and ¢'r’ are present.

4. If w € H, and v € H. each contain two pebbles, two pebbles can be moved
to ¢’ or p/, depending on which edges among p'q’, p'r’, and ¢'r’ are present.

In any of these cases the configuration is solvable. d

COROLLARY 5.6. If G € F has a configuration with |Co| > 3, then C is solvable.

We need to consider the cases |Co| = 1 and |Ca| = 2. The result for |C2| =1 is
obvious, so we state it without proof.

LEMMA 5.7. Let G € Gy and Cy = {u}. Then C is solvable if and only if every
bridge in C' is adjacent to the 2-island or u € Cy.

We say that a bridge has potential s if s pebbles can be moved to it from adjacent
islands.

LEMMA 5.8. Let G € Gy and |Ca| = 2. Then C' is solvable if and only if every
bridge s

1. adjacent to a 2-island,
2. adjacent to a bridge with potential two, or
3. adjacent to a desert which is adjacent to a bridge with potential two.

Proof. The reverse implication is easy to check. For the forward implication,
assume C' is solvable, and that some bridge r is not adjacent to a 2-island. We need
to show that r is adjacent to a bridge with potential two or a desert which is adjacent
to a bridge with potential two.

If C contains an empire I, then it is possible to move four pebbles onto some
vertex v € I. Since G € Gs, there is some bridge u adjacent to r and v. Therefore, r
is adjacent to a bridge of potential two, and condition 2 is satisfied.

If C' does not contain an empire, |C2| = 2 implies that the configuration consists
of a {2,2}-island, or two 2-islands, either or both of which may be 3-islands. Notice
that moving a pebble from a 2-island to a bridge reduces the surplus of the graph
by 1, and moving from a 3-island to a bridge reduces the surplus of the graph by 2.
In any of these cases, moving pebbles to two different bridges reduces the surplus of
the graph to 0, and r cannot be pebbled. Thus, in any r-solution, two pebbles must
be moved from the vertices in Cy onto the same bridge u, reducing the surplus to 1.
This implies that r is the only other bridge that can be used in this solution, and u
has potential two. Since the configuration is solvable, then r must be adjacent to u
or some desert adjacent to u. d

The above discussion leads to the following.

THEOREM 5.9. Let G € F. Then the solvability of G can be determined in O(nm)
time.

Proof. The conditions of Corollary 5.6 and Lemmas 5.7 and 5.8 can be checked
in O(nm) time. O
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